Abstract. We consider a P H/P H/1 queue in which a threshold policy determines the stage of the system. The arrival and service processes follow a Phase-Type (P H) distribution depending on the stage of the system. Each stage has both a lower and an upper threshold at which the stage of the system changes, and a new stage is chosen according to a prescribed distribution. The P H/P H/1 multi-threshold queue is a QuasiBirth-and-Death process with a tri-diagonal block structured boundary state which we model as a Level Dependent Quasi-Birth-and-Death process. An efficient algorithm is presented to obtain the stationary queue length vectors using Matrix Analytic methods.
Introduction
We consider a P H/P H/1 queue in which a threshold policy determines the stage of the system. The arrival and service processes follow a Phase-Type (P H) distribution depending on the stage of the system. Each stage has both a lower and an upper threshold at which the stage of the system changes. At these thresholds a new stage is chosen according to a prescribed distribution.
In literature, threshold policies are often used to activate or deactivate servers when the queue length reaches certain thresholds. The M/M/2 queue in which the second server is activated when the queue length reaches an upper threshold and deactivated when it reaches a lower threshold is studied in [11] , where a closed form expression is obtained for the steady-state probabilities. In system forms a nested Quasi-Birth-and-Death process. In this model a threshold policy controls the stage of the system which, in turn, determines the arrival process and the service process. An upper threshold increases the stage by one whereas the the lower threshold decreases the stage by one, creating a staircase threshold policy. In [12] an M/M/2 queue is studied with two heterogeneous servers in which the second server is exponentially delayed before activation.
Threshold policies are also used to send servers to a certain queue, as is shown in [7] . In this paper, a system is studied containing two queues and two servers where both interarrival times and service times are exponentially distributed. After each service completion, the server chooses a queue to serve according to a threshold policy. A generalisation of this model is analysed in [6] where customers from multiple classes arrive according to a Poisson process and require an exponential amount of service. The queueing system contains a fixed number of servers which are allocated to a customer class according to a threshold policy. Each server experiences an exponential delay once it is assigned to a different customer class. In [17] , the joint queue length distribution is obtained for an M/G/1 queue with multiple customer classes in which customers from higher class are blocked when thresholds are reached.
Motivating Example. The queueing system in this paper is motivated by the hysteretic relation between density and speed of traffic flows observed on a highway, see Helbing [8] . In [8] it is stated that this hysteretic behaviour is controlled by two critical densities, denoted by ρ 1 and ρ 2 . When the density of cars on the highway increases vehicles are more and more affected by each other and the driving speeds decrease. Once the density reaches ρ 2 the highway becomes congested and driving speeds decrease drastically. The density must reduce to ρ 1 for the highway to become non-congested. In Baer, Boucherie and van Ommeren [2] , an M/M/1 threshold queue was used to model a particular highway section. In [2], the arrival rates were kept constant, whereas the service rates where altered according to a 2-stage threshold policy. When the queue length surpasses an upper threshold the service rates decreased. The service rates were increased again when the queue length dropped below a lower threshold. In [2], the mean sojourn time is determined. Since a single queue represents a highway section, this directly gives the average time to cross the highway section and the mean speed of a vehicle. The motivating example in Figure 1 is an extension to the model in [2] , where not only the service rates are controlled by a threshold policy, but also the arrival rates. This models the hysteretic relation within a highway section, but also between two consecutive highway sections. We will, get back to this example in Section 4.1.
Contribution. This paper generalises the model of [5] to an arbitrary threshold policy and introduces a novel dedicated solution method based on the Level Dependent Quasi-Birth-and-Death process of [3] . In particular, a class of P H/P H/1 multi-threshold queueing systems is described for which the solution method in [3] can be decomposed to find the stationary queue length vector for each stage separately. The stationary distribution of the P H/P H/1 multi-threshold queue
